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CONGRUENT TRANSFORMATIONS
1.111111M1011111.11111111M.40.17~1 0.10,10011..11114.11i

What is a Transformation?
1111.111110111 =111....

Another word that could be used instead of transformation is

A TRANSFORMATION IS A MOVEMENT OF POINTS (change in position).

On a given signal four boys A9 B, C and D moved to new positions in
the classroom, following the paths shown.

/-

A
A

0

The nea position of A is called A', the image of A pronounced. A-dash
or A-prime.

Mark B'.

What did C do? ...

C is called an invariant point.

D' is the of

***********************************************************************

REFLECTION:

1.) A mirror can cause the transformation of points.

(cont'd on page 2)

04.
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CONGRUENT TRANSFORMATIONS--------

REFLECTION:. Page 2

Place your!mirror so that you can stand and look at your image.

What happens to your image as you

1.) walk towards the mirror 1.)
2.) back away from the mirror 2.)

3.) wink your right eye 3.)

4.) touch your left ear 4.)

5.) wave your right hand 5.)

6.) turn on the spot clockwise 6.)

7.) side step to your right 7.)

The reflection operation is a "sense-reversing" operation.

8.) TAich is taller, you, or 8.)
your image

9.) Which has the bigger face

10.) If you stand 1 foot in front
of the mirror, where does
your image appear to be? 10.)

11.) If you touch the mirror
with a finger, what does
the image do? 11.)

What is the name given to
this point?

12.) If-you are 3 feet from the
mirror, how far are you
from your image?

2.) CLASS EXPT-ISE:IliumWa *MI &Mom,

12.)

You need two students .ho look alike and an ima8inary mirror.

One student acts as the image of the other.

Question: What basic "rule" must be obeyed by the image
at a].1 times?

Answer:



CONGRUENT TRANSFORMATIONS

mirror

A,

tm

Sketch and B`

mal.momin

What can ycu say about the line

B

Simi;

Page 3

Urail

and the line segment AA7'

S
Similarly "m" is the mediator (perpendicular biriector) of BD'

******************************** ********************************

3.) Draw the image of this figure. (free hand)

4.) As you sketch a figure on one side of these mirror :Line::,
your neighbour draw the image.

,



CONGRUENT TRANSFORMATIONS Pate 4

4.) What do_ xou notice about;

a.) The distance of your pencils from.the mirrOr line at any instantaneous
moment?

fr)

b.) The imaginary line between your pen point and your partner's pen

point at any instantaneous momert'

c.) The final sketches you obtain?
.

*********************************** ************************************

5.) Place your mirror on the line marked "m"

W ctfi vl 13 E VI)

What words do.you read?

Oraw the reflections of the following .rords (check with your iilirror)

a.) ,REFUCTION b.)
(
SKRIivIPZIN

C.
C.)

****************4****************** *********************************7***

. s 5
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CONGRUENT.TRANSFORnATIONS Page 5

Arrange your mirror and a book so
track by looking in the mirror.

With_leenciU_Lato move aroundTnces. 1To.Veyour .riaTE5inif-711776--
"crashes".

that yogi can only se::: this roc,

thetrack, keepinr, within the.;
you. TMOrd the number of

eye

mirro

Sooktrack

Time

Number of crashes

*********************************** ***********************************

7.)

F'

)0(

What can you say about:

i.) line soments AD and AB*

ii.) line serpent BB'

(contld on

i . )

ii.)
page 6) .

. Ao

B is he imaff: of P.

.after rrAlection in

6



CONGRUENT TRANSFORMATIONS.10.1 .0......
( 7.) ...(cont'd from page 6)

Pa 8e

'Jhat can you say about:

iii.) anuaesiEUZ and1Bla iii.)

iv.) L BAB' iv.)

P is o point on AB

By using a ruler (and ona for the purpo::o of drawinL; straight lines)

locate P' .

***********************************'4************************************

8.) Use mathematical instruments to accurately dral reflections of the
followin3 fiures. (Draw curved lines freehand).

m

Tn

r.1

lof -



3.

8.) .(cont' d)

CONGRUENT TRANSFORMATIONS

A

Page 7

m

i.) Which points did not move

These are called points.

ii.) Which lines did not change direction after beinc reflected

`viii.)) Which of the following changed after reflection:

a.) lengths of lines Yes No

b.) size of angles Yes No

e.) dress Yes No

d.) shapes Yes No

********************************** ************************************

.) Repeat (8), label image points

m

/

ra



9.) (cont'd)

m

C 0NG 2.T.TENT TRA NSFO T ioys
ON101.11. mer ow eabsalialano. .ranomenomml. Page

Can you slide figure GHJ onto its image? Yes No

********************************** *************************************

10. If the shaded shape is the image of the un shadnd shape, 11c .
mathematical instruments to accurately show location of "m".

"*"...,.. A

9



10.) (cont'd)

I

CONGRUENT TRANSFORMATIONSV 11 .1.1111.0 Page 9

*********************************** ************************************

11.) In the following diagrams, accurately locate IT using only a
ruler (and only for the purpose of drhying straight lines).

P

q.
re1

P

****************************** **** ************************************

12.) Use a ruler only (as abo e), to drau Q P.` IPC.
h%

e.-

*********************************** ************************************
13.) Use a compass only, to locate

1.) A.

%

*********************************** ************************************

10

omno './/
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CONGRUENT TRANSFORKUMS PaLw 10

14.) Shade in the region on the playing fierdir 41ich thP football
is closer to A than to either B- or C. Use accurate construc-
tion).

A

********************************* ************************************

15.)

B

H

Draw accurate path of ball B if it is to be hit off ed;:t, MN
of pool table and roll.into hole at H.

What imaginary point could you aim foe

********************************** *************************************



B.

A
At .

10

P' A

G

CONGRUENT TRANSFCRMATIONS
INIO

D

1E

6

F

IMadlawe
Page 11

Show images of above points after reflection in given mirror linec.

********************************** *****************************........

17.) a.) What is the rule defining the movement from A to
the operation of reflection in

A'

b.) Which points remain invariant during a reflection?

c.) What ,actermines where points will move to?

4t under

****************i4******4.********* ************4***********************



ROTATION:

1. )

A.

.13
On a given signal the two boys
A and B ore told to move
through an ,:mgle of 90° about the
corner of the school building.

Sketch P and B%

*********************************** ************************************

2.) Trace the shape onto cardboard. Cut it out. Keep P invariant,
using a compass. Put your pencil through the hole at B and
rotate the shape around P in a. ccw.plete revolution leaving
the locus (path) of B.

Repeat for C.

.00

p C

, 1

a.) The loci of B and C are .
b.) moved the greater distance

CO) 040041 6 400900 moved through the greater angle

13



CONGRUENT TRANSFORMATIONS
0040.......M.IM.MON.M.ONONM.,..11111...W.M..

Rotation; (cont'd)
-------.

Page 13.

2.) Trace the shape. Label B and C.

Find some way of rotating the shape ao that it turns 900 clock-
wise about P.

Label B and C

Which point moved through the greater angle? Ansmr
*********************************** ****************************Y******w

,/
A M Figures 17XYZ and MilY4

I

are squares.
Describe a rotation that
would map the squaro onto
each other and

a.) Z to X

z. OOOOOO OO OOOO OOO OO

b. M "to. Y

*********************************** ************************************



CONGRUENT TRANSFORMATIONS

4) MARK DOTS AT THE CENTRES OF ROTATION:

N

MVOI.Ow, ONO

Page 14.

***************7- 1r****************** ****** * * * * * * * * * * * * * * * * * * * * * * * ** *3E3**

5. )' c Drau angle 140X .900
(negatim%4°Molise
from CA') .

Trace the shape and
rotate it about 0 until
A is. on line OX.
Mark B and C`

AVA'
\. Measure (la Answer

Measure I C. r4 ..... . . Ans-,rer
**************************************************V.W.V********1444*****

.. r.-

t

0,1

15



CONGRUENT TRANSFORMATIGNS. Page 15

6.) Use a method similar to (5) to rotate these figures the given
angles about 0.

Label image points. where possible.

r

a
0

(-150°)

(+90°)

..:

0

(+750)

0 t
)

*********************************** **4*********************************

: 16



CONGRUENT TRANSFORMATIONS

.Mark dots at centres of rotation (if possible) if angles of

rotation arc to be 180°.

S X n
Po rat oa ni

Sy vg

s

z,

R Cit ttillie

...am.

71

/
1101( ,4 VS

CHECK using tracing paper.

*********************************** ************************************
4

17



CONGRUENT TRANSFORMATIONS
=10111111111 11.411, 44.1. MI

1Z.\\(7..--

I,

Page 17

assume 0 ABC rotates about some point onto shaded An..
Label A% , 13% and C%.

Construct mediators of 7Z 2 1 31 and trr
What can you say about the mediators

f

Show that ..nis point is the centre of thr. rotation by usin:
tracinc; paper.

Measure the followinc.; anp.lest a.) I AOA

b.) IBOB'

c.) (cos' -

*********************************** ******************************.*******



CONGRUENT TRANSFORMATIONS
o. dame. -MM, .111.. 011111.011111 All

Page 16

9.) Write two sentences describing how you would explain to a new
student the method of.finding:

a.) the centre of rotation [for a problem like (8)]

b.) the angle of rotation

*********************************** ************************************

10.) Find the centres and angles of rotation for each of the following
transformations [check using tracing paper].

if

6) I \

.1

*********************************** ************************************



11.) a.

CONGRUENT TRANSFORMATIONS Pnz.,e 19

/ /.1
/ ,

After rotation of 180° about some point the imac.,os of A, 13, C,
and D will respectively.

b, )

c.)

6

A

C

i.) After a rotation of 120°,
A moves to

ii.) After a rotation of 120°,
A moves to

A ABC is equilateral

i.) Where would the centre of
rotation be?

ii.) 'That rotation could may
B to A?

************************************ ***********************************

12.) a.) Draw freehand sketches showing images after 90° clockAse
rotations about the dots

(cont'd on page 20)

20



- 12.) a.) (cont,d)

12.) b.

CONGRUENT TRANSFORMATIONS Paiw
/M mO

40 .0 1 AMMO.

Rotate A, B, C, and D

900 clockwise. about 0, without

using instruments.

12.) c. Rotate LIABC 90° clockwise about 0.

(i)
C

C

A

B

O

)************************************ ************************************

21



CONGRUENT TRANSFORMATIONSa a a a

TRANSLATION:i ..
WWI .a.

Pace 4.

1.) Trace this sha e onto cardboard. Cut it out, place your ruler

edge along andand slide the ficure 3" to the right.

Mark A% , 13% ; C and 131\

What can you say about:

a. ) LA% , B13%; CC% and DB%

b. ) AA' ; B13' CC` , and DD'

*********************************** ************************************

2.) Trace the shape from (1) and translate it according to tho rule

(2':,, E, 1'," 3). N"
% start 2-?2,;

i(i.e.) - - -1
I

'1-1:; A
1 2

finish
i

S

************************ *********** ********************************it**

22



3.)

CONGRUENT 'TRANSFORMATIONS
M..11.0,1 .W . .0. 00

Translate this shape (3:: ]. 1* S)

4

Pa ;e

*********************************** ************************************

4.) Translate the following figures, using tracing paper

a.)

hms
to right

A

.0

M**********************4*********** **********************************

23



r.

C

F

5.)

CONGRUENT TRANSFORMATIONS
s

1101411111, 00.4. a. IP ..41illnaaaeara... MI.. R. ar

C` D

B

PaGe

This translation from A to
is defincd by the rule

(+4, +2)

Complete tl*is table:

Translation Rule

B--)
C 3`

D --) D`
E

F

G G%

(2,5)

***W******************************* ************************************
6.) Sketch the translations of tl.e follolin points if thn respectivo

rules aro:

A(6,1) B(275) c(3, 2) n(7,-5)

*************************3.********* ************************************



CONGRUENT TRANSFORMATIONS
Oh. a.....

7.) Translate the line and
the parabola according
to the rule:

Pot;c: 21:.

AI 4

*********************************** ************************************

8.) Translate the triangle according to the rule"C77-55

Label , 13% , and C'

A

Tick any : the follo--ring which are

Sense

Lengths

Angle si'se

Arca

Shape

1:2
L1

not chanced by a transl.;tion.

*********************************** ************************************

25
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CONGRUIpIT-TRANSFORMATIONS
4.wmmo.II.gm.A.ml,...MmMml~.MWI.MlmW....W.M O.

TRANSLATION SUPPLEMENT (OPTIONAL I:

1.)
...`...11

B

Page 25

A, B, C, D7 E, F are six towns connected by the roads shown.

A journey from A to F via B is ,tritten as: AB + BF

This is the sum of two translations.

Write one simple translation Imo_ to the following:

1.) AD + OC + CF

2.) OE +,1.BA

3.) AB + BC + CF + FE

4.) AB + BC + CD + DA

How many. different ways are there of going from A to F lithout
going through a town twice?

Answer

*********************************** *************************************

2,)
B How many ways are there

of going from:

i.) A to C

ii.) A to F

List the ways of goinL from A to C:

1.) 6.)

2,) 7.)

3.) 8.)

4.) 9.)

5.) oo o .4...4.4 o o 0000000

*********************************** ************************************



3.)

(0,0)

CONGRUENT TRANSFORMATIONS.
611.1....

AM/

p.

Page 26

j

4

1

The hole is at (4, 10)

Sketch a golfer's first shot from (0,0) to (3,6).

Then his second shot of T7757

What was his final shot if he "holed out"

Answer

**********************4*********** ************************************

14..) The translation 7727 represents a horizontal displacement of

and a vertical displacement of

Sketch a .-anslation of 7777

3

3

4

************40****4*******4*******4 ***44***4*****4***4************4**7*



. CONGRUENT TRANSFORMATIONS
ea ..,

111=111W

Page 27

AIL

Air AP.

.11r0

Use the grid above to assist you in completing this table.

.....iM.
Initial Point

(-1,3)

Translation

7747
T-717

(-2,1)

( -3, -1)

(2,0)

Terminal Point

(6,2)

*******************$*************** ************************************



6.)

CONGRUENT TRANSFORMATIONS Page 28

Sketch the following translations:

a.) from (0,0) to (3,4)

b.) from (7,0) to (11,3)

c.) from (4,3.) to (0,0)

d.) from (5,1) to (1, 2)

e.) from (3,4) to (1,7)

f..) from (6,3) to (10,5)

Which are quivalent translations?

Answers

*44*4****************************4 *********4*,*****4**********4****1**



7.)

CONGRUENT TRANSFORMATIONS
MO010

Page 29

.11111"..

1.) IF a = TT777 and b . ('2-15)

Sketch a + b
.... ....,

What single translation is = a + h
.....4.....

Answer

2.) Repeat for c
o

c.7577 d (2,8)n

c + d

3. Repeat for e = 757:717

e + f

***4******4*********4****4********* *******************4***************_
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CONGRUENT TRANSFORMATIONS

CONGRUENT FIGURES:
*1

011101.1111711.111,1111,........

Page 30

Two figures are congruent if one can be mapped onto the other
by: i.) a. reflection

a rotation

iii.) a translation

or iv.) some combination of (i), (ii), and

State the pair of figures which are congruent in each case and
name the type of transformation.

(d)

(e)

(f)

*******4*******4********4**4*******

Answers:

(a) and by

(b) and by

(c) and by

(d) and by

and by

(f) and.....by

***********************************



CONGURENT TRANSFORMATIONS

2.) Complete this table:

Place a tick for each property that doesn't change.

Page 31

Sense Lengths Angles Area Shape

Reflection

Rotation

Translation

Hence, if two figures are congruent they are identical with
respect to:

a.) lengths

b.) angles

c.) area and shape

*********************************** ************************************

3 . )

(a)

What extra information would you need to know before being certain
that the following pairs of figures are congruent (i.e. can be
mapped onto each other).

Answers (a)

(b)



CONGRUENT TRANSFORMATIONS

Answers:
( c)

(d)

(f)

Page 32

(Th 4**4*****4***4**4******4*444****4** .44****4****4*4*******4********4*****



CONGRUENT TRANSFORMATIONS: Page 33

TESTING FOR THE CONGRUENCY OF A PAIR OF TRIANGLES:

We do not need to know that the two triangles are completely identi-

cal in lengths, angles, areas and shape.
are

The following four tests stating minimum conditions which, if

satisfied,*imply the two triangles are congruent. i.e. can be

mapped onto each other.

(1) Are 3 sides identical? _Example:
S.S.S.

(2) Are 2 sides and the included
angle indentical?

S.A.S.

,, (3) 'Are 2 angles and one
corresponding side identical?

A.S.A.

(4) kre the triangles right-
angled'with equal hypotenuses
and another side identical?

R.H.S.

34



CO_ NGRUENT TRANSFORMATIONS Page 34
....... -

IF ONE OF THE ABOVE TESTS CAN BE PROVED TRUE FOR A PAIR OF

TRIANGLES THEN THE TRIANGLES ARE

Select pairs of triangles which are congruent. State the
transformations connecting them, and briefly state the "certainty"
test that gives absolute proof.

A
Congruent transformation test

(a) Yes or No

Image of A is

( b )

Image of is

1(C) e 000000000

o 00000

.:******306*****434,**4*4*4*4****444* 44 O********i.****** ****4*********



CONGRUENT TRANSFORMATIONS
.1113111.

PROPERTIES OF TWO SPECIAL QUADRILATERALS:

1.) Parallelogram

ABC A (Test is

The mapping is a

1.)

I CAD - L..
I BAD

Page 35

Assume only th t
opposite sides
are parallel.

i.e. 1,400410 00000 41.04040,0 o 0000 angles of a parallelogram are..

2 ) AB and AD
i.e 00000 00000000000 sides of a parallelogram.._

*****4***************************** ***if********************4***********

2.) Rhombus

w
6 wxy 7-41
under transformation of

usingt._ t e st

zs Ina Et.

under transformation of

using test

Conclusions I XWY

e. the diagonal of a. rhomtr:ts

.*,***.*x*******.v.A*of*nit*,***.****Ititfiftlett *****,********************************



CONGRUENT TRANSFORMATIONS Page 36
,.....mallM410.41111,*

CONGRUENT TRIANGLE PROBLEMS:.1=0.111...0

Given Q ABC isIsosceles 4n, .

A is drawn from A to midpoint

of base IX

ProyealgAreasonal
AM is at right angles to the base.

?roof (step by step, please)

*********************************** ******************************44**4*.
B

2.) Given 0 is centre of circle

Prove AB = DE

Proof

.********************************** ****** * * * * * * * * * * * * * * * * * * * * * * * * * * *t* **
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3.)

'CONGRUENT TRANSFORMATIONS
.114111

Page 37

Given (1) 0 is centre

(2) 4( A .46 . 900

Prove AT = HT

Proof

********************************** ******* * * * * * * * * * * * * * * * * * * * * * * ** * * * * * *-

4.) Given Kite ABCD as shown

Prove (1) Lt ABC s 4 ADC

(2) 4 A08 11 Q AOD

Proof

*****4*.*******4*********Oiiwk .14(444* 4**4*******444********4**4****i*****



6.)

CONGRUENT TRANSFORMATIONS Page 38
oftwolipmommimmorlivmmalmOMP.

4-Given Figure as shoun

Prove AB = AD

Proof

S.

Given (1) PD = QB

(2) BP = DQ

Prove AP = AQ

Hint Prove 45ABD is isosceles by
proving its base angles aro
equal

Proof

(space for proof provided on next page, for question #6)
. .
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6.) (cont'd)

CONGRUENT TRANSFORMATIONS Page 39.
.41111M4414.4044/1oernIP,m414114 ..44441

*********************************** #***********************************

7.) State the type of transformation.(or combination) that maps:

1.)

2.)

A

B

onto,

onto

B

C OOOOO oosooloos OOOOOOO o OOO OOOOOOOO

3.) D onto B

4.) B onto E

5.) B onto F

6.) A onto F

7.) F onto E

(Assume. all e are congruent)

F

**04**4***4********O**4*****4***4 ***4*4******************************



CONGRUENT TRANSFORMATIONS Page 40

Given (1) 0 is centre

(2) 15r is mppendicular
to AB

Prove Ps midpoint of Iv
Proof

*********************************** ************************************W.
9.) Given' AB and CD are equal chords

Prove AT and M5 are,equidistant

from the centre O.

Proof

WI,. .' .0*. =1101111M .

101PAWrinnnmWWW1M1WaliiiiIt
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